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Abstract
It has been shown in the literature that effective gravitational constants, which are derived
from Verlinde’s formalism, can be used to introduce the Tsallis and Kaniadakis statistics. This
method provides a simple alternative to the usual procedure normally used in these non-Gaussian
statistics. We have applied our formalism in the Jeans mass criterion of stability and in the free
fall time collapsing of a self-gravitating system where new results are obtained. A possible con-
nection between our formalism and deviations of Newton’s law of gravitation in a submillimeter
range is made.
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An meaningful extension of Boltzman-Gibbs’s (BG) statistical theory has been sug-
gested by Tsallis [1]. This model is also currently referred in the literature as a nonexten-
sive (NE) statistical mechanics. Tsallis thermostatistics formalism defines a nonadditive
entropy as
Sq = kB
1−
∑W
i=1 p
q
i
q − 1
( W∑
i=1
pi = 1
)
, (1)
where pi is the probability of a system to exist within a microstate, W is the total number
of configurations and q, known in the current literature as being the Tsallis parameter
or NE parameter, is a real parameter which measures the degree of nonextensivity. The
definition of entropy in Tsallis statistics carries the standard properties of positivity,
equiprobability, concavity and irreversibility. This approach has been successfully used in
many different physical system. For instance, we can mention the Levy-type anomalous
diffusion [2], turbulence in a pure-electron plasma [3] and gravitational systems [4]. It
is noteworthy to affirm that Tsallis thermostatistics formalism has the BG statistics as
a particular case in the limit q → 1 where the standard additivity of entropy can be
recovered.
Plastino and Lima, in [5], have obtained a NE equipartition law of energy. It has been
demonstrated that the kinetic foundations of Tsallis’ NE statistics drives us to a velocity
distribution for free particles given by [6]
fq(v) = Bq
[
1− (1− q)
mv2
2kBT
]1/1−q
, (2)
where Bq is a normalization constant. Hence, the expectation value of v
2 for each degree
of freedom, is given by [7]
< v2 >q=
∫∞
0
fq v
2 dv∫∞
0
fq dv
(3)
=
2
5− 3q
kBT
m
.
So, the equipartition theorem can be obtained by using that
Eq =
1
2
Nm < v2 >q, (4)
and we will arrive at
Eq =
1
5− 3q
NkBT . (5)
It is well established that the range of q is 0 ≤ q < 5/3. For q = 5/3, Eq. (5), diverges. It is
also easy to notice that for q = 1, the classical equipartition theorem for each microscopic
degrees of freedom (dof) can be reacquired.
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The well known Kaniadakis statistics [8], also refereed as κ-statistics, analogously to
Tsallis thermostatistics model, generalizes the usual BG statistics initially by introducing
both the κ-exponential and κ-logarithm defined respectively by
expκ(f) =
(√
1 + κ2f 2 + κf
) 1
κ
, (6)
lnκ(f) =
fκ − f−κ
2κ
, (7)
and the following property can be satisfied, namely,
lnκ
(
expκ(f)
)
= expκ
(
lnκ(f)
)
≡ f. (8)
From Eqs. (6) and (7) we can notice that the κ-parameter twists the standard definitions
of the exponential and logarithm functions.
The κ-entropy connected to this κ-framework can be written as
Sκ = −kB
W∑
i
p1+κi − p
1−κ
i
2κ
, (9)
which recovers the BG entropy in the limit κ → 0. It is relevant to comment here that
the κ-entropy has satisfied the properties concerning concavity, additivity and extensivity.
The κ-statistics has thrived when applied in many experimental scenarios. As an example
we can cite cosmic rays [9] and cosmic effects [10], quark-gluon plasma [11], kinetic models
describing a gas of interacting atoms and photons [12] and financial models [13].
The kinetic foundations for the κ-statistics lead us to a velocity distribution for free
particles given by [14]
fκ(v) =
[√
1 + κ2
(
−
mv2
2kBT
)2
−
κmv2
2kBT
] 1
κ
. (10)
Hence, the expectation value of v2, for each dof, is
< v2 >κ=
∫∞
0
fκ v
2dv∫∞
0
fκdv
. (11)
Using the integral relation [8] we have that
∫ ∞
0
xr−1 expκ(−x)dx =
|2κ|−r
1 + r|κ|
Γ
(
1
|2κ|
− r
2
)
Γ
(
1
|2κ|
+ r
2
) Γ(r) ,
(12)
which drives us to
< v2 >κ=
(1 + κ
2
)
(1 + 3
2
κ) 2κ
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
kBT
m
.
(13)
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The κ-equipartition theorem can be calculated through the relation
Eκ =
1
2
Nm < v2 >κ , (14)
and we arrive at
Eκ =
1
2
N
(1 + κ
2
)
(1 + 3
2
κ) 2κ
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
kBT ,
(15)
and the range of κ is 0 ≤ κ < 2/3. For κ = 2/3 (critical value) the expression for the
equipartition law of energy, Eq. (15), diverges, which means that q = 5/3 in Tsallis
formalism. For κ = 0, the classical equipartition theorem for each microscopic degrees of
freedom can be recovered.
The recent formalism idealized by E. Verlinde [15] computes the gravitational acceler-
ation by using the holographic principle and the well known equipartition law of energy.
His ideas are based on the fact that gravitation can be considered universal and inde-
pendent of the details of the spacetime microstructure. Besides, he introduced new ideas
concerning holography since the holographic principle must unify matter, gravity and
quantum mechanics.
The model discuss a spherical surface playing the role of an holographic screen, with
a particle of mass M located in its center. The holographic screen can be envisaged as a
storage device for information. The number of bits (the underlying unit of information in
the holographic screen) is assumed to be proportional to the holographic screen area A
and is represented by
N =
A
ℓ2P
, (16)
where A = 4πr2 and ℓP is the Planck length. In Verlinde’s framework one can assume
that the total number of bits for the energy on the screen is given by the equipartition
law of energy
E =
1
2
NkBT. (17)
It is important to understand that the usual equipartition theorem in this last equation
can be obtained from the standard BG thermostatistics. Let us deem that the energy of
the particle inside the holographic screen is equally divided by all bits in such a way that
we can have the equation
Mc2 =
1
2
NkBT, (18)
and to calculate the gravitational acceleration, we can use both the Eq. (16) and the
Unruh temperature equation [16] given by
kBT =
1
2π
~a
c
. (19)
4
So, one can be able to compute the (absolute) gravitational acceleration formula
a =
l2P c
3
~
M
r2
= G
M
r2
. (20)
From Eq. (20) we can see that the Newton constant G can be written in terms of the
standard constants
G =
ℓ2P c
3
~
. (21)
Using the NE equipartition theorem in Verlinde’s formalism one can apply the NE
equipartition equation, namely, Eq. (5). In this way we can obtain a modified acceleration
formula [17]
a = Gq
M
r2
, (22)
where Gq is an effective gravitational constant which can be given by
Gq =
5− 3q
2
G . (23)
From this last equation, we can note that the effective gravitational constant depends on
the NE parameter q. For instance, when q = 1 we have that Gq = G (BG scenario) and
for q = 5/3 we have the curious and hypothetical result Gq = 0.
If we use Kaniadakis’ equipartition theorem, Eq.(15), in Verlinde’s considerations, the
modified acceleration equation can be given by
a = Gκ
M
r2
, (24)
where Gκ is an effective gravitational constant which can be written as
Gκ =
(1 + 3
2
κ) 2κ
(1 + κ
2
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
G . (25)
It can be easily shown that the limits κ = 0, q = 1, with which we can recover the BG
statistics, and κ = 2/3, q = 5/3. It is important to say that these values have came from
the well known [14, 18, 19] linear connection between κ and q represented by
κ = q − 1 . (26)
Specifically, the limits κ = 0, when q = 1, and κ = 2
3
, when q = 5
3
, lead to Gq = Gκ. It is
clear that the relation (26) is true only for the range 1 ≤ q < 5/3, given by Eq. (13).
Here we will analyze the self-gravitating system where the internal dynamical stabil-
ity usually can be depicted by the Jeans gravitational instability criterion. In a recent
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work[20] we have studied the Jeans length in the context of Kaniadakis’ statistics. Ini-
tially, we will apply our formalism in the Jeans mass criterion of stability [21, 22], which
is given by
MJ =
(
5kBT
Gm
) 3
2
(
3
4πρ
) 1
2
, (27)
where kB is the Boltzmann constant, T is the temperature, m is the particle mass, G
is the gravitational constant and ρ is the equilibrium mass density. The critical value
MJ in Eq. (27), is obtained through the consideration of both the virial theorem and
the conservation of energy. The Jeans mass means that, if the mass of a self-gravitating
system is greater than MJ consequently the system will become gravitationally unstable
and, as a result, it will collapse.
Substituting G by Gq, Eq. (23), into Eq. (27), we can write the expression for the
Jeans mass Tsallis’ statistics
M qJ =
(
2
5− 3q
5kBT
Gm
) 3
2
(
3
4πρ
) 1
2
=
(
2
5− 3q
) 3
2
MJ . (28)
This NE modification of the Jeans criterion leads us to a new Jeans mass M qj that relies
on the nonextensive q-parameter as the following conditions:
(i) if q = 1⇒ M > M qJ =MJ , the usual Jeans criterion is maintained;
(ii) if 0 < q < 1 the Jeans criterion will be modified as M > M qJ < MJ ;
(iii) if 1 < q < 5/3, the Jeans criterion will be modified as M > M qJ > MJ ;
(iv) if q → 5/3,M qJ →∞, the self-gravitating system is always stable,
where we have used both Verlinde’s formalism and Tsallis’ thermostatistics to obtain NE
Jeans’ mass.
Using Eq. (25) in (27), we can derive the expression for the critical mass in Kaniadakis’
statistics
MκJ =
(
(1 + κ
2
)
(1 + 3
2
κ) 2κ
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
) 3
2
MJ . (29)
This κ modification of the Jeans criterion leads to a new Jeans mass Mκj that depends on
the κ-parameter as follows:
(i) if κ = 0⇒M > Mκ = MJ , the standard Jeans criterion is recovered.
(ii) if 0 < κ < 2/3, the Jeans criterion is modified as M > MκJ > MJ .
(iii) f κ→ 2/3−,MκJ →∞, the self-gravitating system is always stable.
In Figure 1 we have plotted M qJ , Eq. (28), and M
κ
J , Eq. (29). These last mentioned
equations were normalized in the curve in Figure 1 by MJ , Eq.(27), as function of κ. To
accomplish it, we have used Eq. (26).
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FIG. 1. Dashed line: Tsallis critical mass, M qJ . Solid line: Kaniadakis critical mass, M
κ
J .
From Figure 1 we can notice that, except for the limiting values, κ = 0 and κ = 2/3,
the Tsallis critical mass is greater than the Kaniadakis critical mass. This result shows
that the NE effects of Tsallis’ statistics leads us to a self-gravitating system being more
stable when compared with the results produced by Kaniadakis’ statistics sinceM qJ > M
κ
J .
Another important physical quantity in the self-gravitating system is the free fall time
(FFT) which expression is given by
tff =
√
3
2πGρ
. (30)
The FFT is the characteristic time that would take to the cloud or the self-gravitating
system to finally collapse. Substituting G by Gq, Eq.(23), in (30), we can obtain the
expression for the free fall time in the Tsallis statistics
tqff =
(
2
5− 3q
) 1
2
tff . (31)
This NE modification of the FFT leads to a new FFT tqff that relies on the nonextensive
q-parameter as follows:
(i) if q = 1⇒ tqff = tff .
(ii) f 0 < q < 1 the FFT is modified as tqff < tff .
(iii) if 1 < q < 5/3, the FFT is modified as tqff > tff .
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FIG. 2. Dashed line: Tsallis critical time, tqff . Solid line: Kaniadakis critical time, t
κ
ff .
(iv) if q → 5/3, tqff →∞, the self-gravitating system keeps stable.
Using Eq. (25) in (30), we have derived the expression for the free fall time in the
Kaniadakis statistics
tκff =
(
(1 + κ
2
)
(1 + 3
2
κ) 2κ
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
) 1
2
tff . (32)
This κ modification of the FFT leads to a FFT tκff that depends on the κ-parameter as
follows:
(i) if κ = 0⇒ tκff = tff .
(ii) if 0 < κ < 2/3, the FFT is modified as tκff > tff .
(iii) if κ→ 2/3, tκff →∞, the self-gravitating system is always stable.
In Figure 2 we have plotted tqff , Eq. (31), and t
κ
ff , Eq. (32), both normalized by tff ,
Eq.(30), as function of κ. We have used relation (26).
From Figure 2 we can observe that, except for the limit values, κ = 0 and κ = 2/3,
the Tsallis critical free fall time is greater than the Kaniadakis free fall time. This result
indicates that the NE effects of Tsallis’ statistics lead to a self-gravitating system to
be more stable when compared with the effects produced by Kaniadakis’ statistics since
tqff > t
κ
ff .
Before finishing this work, it is important to mention that many theoretical and exper-
imental considerations[23–25], in a submillimeter range, have suggested that the Newton
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law of gravitation can exhibit a small deviation from inverse square law behavior. A
recent paper [26] shows that at separation down to 295µm, there are no deviations from
Newton’s law of gravitation.
The gravitational force would have the following form
F (r) =
Gm1m2
r2
(
1 + α
(
1 +
r
λ
)
e−r/λ
)
=
G(r)m1m2
r2
, (33)
where α is a dimensionless parameter, λ = ~
mc
and the effective gravitational constant,
G(r), is given by
G(r) = G
(
1 + α
(
1 +
r
λ
)
e−r/λ
)
. (34)
In the context of Verlinde’s formalism, it is possible to rederive Eq.(34) by defining an
effective Planck constant as
ℓ2P (r) = ℓ
2
P
(
1 + α
(
1 +
r
λ
)
e−r/λ
)
, (35)
and using Eq.(35) in (21) instead of ℓ2P .
Comparing (34) when r ≈ 0 with (23), we can find a relation for α and the nonextensive
parameter q, given by
α =
3
2
(1− q). (36)
When q = 1 we have that α = 0. Comparing (34) when r ≈ 0 with (25), we can obtain a
relation for α and the κ-parameter, written as
α =
(1 + 3
2
κ) 2κ
(1 + κ
2
)
Γ( 1
2κ
+ 3
4
) Γ( 1
2κ
− 1
4
)
Γ( 1
2κ
− 3
4
) Γ( 1
2κ
+ 1
4
)
− 1. (37)
When κ = 0 we have that α = 0. Therefore, it is possible to connect the parameter α of
the modified gravitational force, Eq.(33), at a submillimeter range, with the Tsallis and
Kaniadakis parameters that are Eqs. (36) and (37).
To conclude, in this work we have described both Tsallis and Kaniadakis nongaussian
statistics in the light of Jeans mass criterion of stability. We have used the effective
gravitational constants, Eqs. (23) and (25), in order to introduce Tsallis and Kaniadakis
statistics in the self-gravitating systems. We believe that our procedure is simpler when
compared to the methods previously used in the context of self-gravitating systems [27].
After some computations, the Tsallis Jeans mass and the Kaniadakis Jeans mass were
compared trough comparing curves in Figure 1. In Figure 2, the Tsallis critical free fall
time and the Kaniadakis critical free fall time were shown.
9
ACKNOWLEDGMENTS
The authors thank CNPq (Conselho Nacional de Desenvolvimento Cient´ıfico e Tec-
nolo´gico), Brazilian scientific support federal agency, for partial financial support, Grants
numbers 302155/2015-5, 302156/2015-1 and 442369/2014-0. E.M.C.A. thanks the hospi-
tality of Theoretical Physics Department at Federal University of Rio de Janeiro (UFRJ),
where part of this work was carried out.
[1] C. Tsallis, J. Stat. Phys. 52 (1988) 479; C. Tsallis, “Introduction to Nonextensive Statistical
Mechanics: Approaching a Complex World,” Springer (2009); C. Tsallis, Braz. J. Phys.
vol.29 (1999) 1.
[2] P. A. Alemany and D. H. Zanette, Phys. Rev. Lett. 75 (1995) 366.
[3] C. Anteneodo and C. Tsallis, J. Mol. Liq. 71 (1997) 255.
[4] C. Tsallis, Chaos, Soliton and Fractals 13 (2002) 371. R. Silva and J. S. Alcaniz, Physica
A 341 (2004) 208.
[5] A. R. Plastino and J. A. S. Lima, Phys. Lett. A 260 (1999) 46.
[6] R. Silva, A. R. Plastino and J. A. S. Lima, Phys. Lett. A 249 (1998) 401.
[7] R. Silva and J. S. Alcaniz, Phys. Lett. A 313 (2003) 393.
[8] G. Kaniadakis, Physica A 296 (2001) 405; Phys. Rev. E 66 (2002) 056125; Phys. Rev. E 72
(2005) 036108.
[9] G. Kaniadakis and A. M. Scarfone, Physica A 305 (2002) 69; G. Kaniadakis, P. Quarati
and A. M. Scarfone, Physica A 305 (2002) 76.
[10] E. M.C. Abreu, J. Ananias Neto, E. M. Barboza, R. C. Nunes, Physica A 441 (2016) 141.
[11] A. M. Teweldeberhan, H. G. Miller and R. Tegen, Int. J. Mod. Phys E 12 (2003) 669.
[12] A. Rossani and A. M. Scarfone, J. Phys. A: Math Gen. 37 (2004) 4955.
[13] D. Rajaonarison, D. Bolduc and H. Jayet, Econ. Lett. 86 (2005) 13.
[14] E. P. Bento, J. R. P. Silva and R. Silva, Physica A 392 (2013) 666.
[15] E. Verlinde, JHEP 1104 (2011) 029 ; See also T. Padmanabhan, Mod. Phys. Lett. A, vol.
25, no. 14 (2010) 1129.
[16] W. G. Unruh, Phys. Rev. D 14 (1976) 870.
[17] E. M. C. Abreu, J. Ananias Neto, A. C. R. Mendes and W. Oliveira, Physica A 392 (2013)
5154.
[18] G. Kaniadakis, Eur. Phys. J. B70 (2009) 3.
[19] G. Kaniadakis, Entropy 15 (2013) 3983.
[20] E. M.C. Abreu, J. Ananias Neto, E. M. Barboza and R. C. Nunes, EPL, 114 (2016) 55001.
[21] J. H. Jeans, Philosophical Transactions of the Royal Society A 199 (1902) 1.
[22] C. Clarke and R. Carswell, “Astrophysical Fluid Dynamics,” Cambridge University Press,
Cambridge (2007).
[23] E. G. Adelberger, B. R. Heckel and A. E. Nelson, Ann. Rev. Nucl. Part. Sci. 53 (2003) 77.
[24] E. G. Adelberger, J. H. Gundlach, B. R. Heckel, S. Hoedl and S. Schlamminger, Prog. Part.
Nucl. Phys 62 (2009) 102.
10
[25] R. D. Newman, E. C. Berg and P. E. Boynton, Space Sci. Rev. 148 (2009) 175.
[26] W. H. Tan, S. Q. Yang, C. G. Shao, J. Li, A. B. Du, B. F.Zhan, Q. L. Wang, P. S.Luo, L.
C. Tu and J. Luo, Phys. Rev. Lett. 116 (2016) 131101.
[27] D. Jiulin, Phys. Lett. A320 (2004) 347.
11
